We investigate the Lyapunov spectrum of separated flows and their dependence on the numerical discretization. The chaotic flow around the NACA 0012 airfoil at low Reynolds number and large angle of attack is considered to that end, and t-, h-and p-refinement studies are performed to examine each effect separately. Numerical results show that the time discretization has a small impact on the dynamics of the system, whereas the spatial discretization can dramatically change them. In particular, the asymptotic Lyapunov spectrum for time refinement is achieved for CFL numbers as large as O(10 1 −10 2 ), whereas the system continues to become more and more chaotic even for meshes that are much finer than the best practice for this type of flows.
I. INTRODUCTION
Lyapunov analysis is a powerful tool to characterize dynamical systems, and the first attempts to apply it to chaotic fluid flows date back from the '90s [7, 12, 13] . With the increase in computing power, Lyapunov analysis is gaining attention in the flow physics community [2, 17] as a promising approach for flow instability, vortex dynamics, and turbulence research. While the interest in flow physics lies in the Lyapunov spectrum of the actual flow, numerical algorithms compute the Lyapunov exponents of the finite-dimensional representation obtained after numerical discretization. It is therefore necessary to understand the impact of the spatial and temporal discretization on the resulting dynamics -e.g. is the spectrum of the discrete system that of the actual flow?
The Lyapunov spectrum of chaotic flow simulations also plays a key role in engineering. In particular, conventional sensitivity analysis methods break down for chaotic systems * pablof@mit.edu † qiqi@mit.edu [8] , and this compromises critical tasks such as flow control, design optimization, error estimation, data assimilation, and uncertainty quantification. While a number of sensitivity analysis methods have been proposed for chaotic systems [8, 9, 15, 16] , they all come at a high computational cost. This is ultimately related to the positive portion of the Lyapunov spectrum, and the cost of each method is sensitive to different aspects of it -e.g. the cost of Non-Intrusive LSS [9] depends on the number of positive Lyapunov exponents, whereas the Ensemble Adjoint method [8] is postulated to be sensitive to the ratio of largest to smallest positive exponents [3] -. Hence, understanding the dynamics of chaotic flow simulations, and their dependence on numerical discretization, is necessary to estimate the cost and feasibility of chaotic sensitivity analysis methods.
In this paper, we investigate the Lyapunov spectrum of the separated flow around the NACA 0012 airfoil at Reynolds number Re ∞ = 2, 400, Mach number M ∞ = 0.2, and angle of attack α = 20 deg. Because the simulation is twodimensional, the flow physics are different to those of threedimensional flows. However, the moderate computational cost of this problem enable us to evaluate the impact of numerical discretization on the Lyapunov spectrum through a more comprehensive study than otherwise possible. In particular, the impact of temporal resolution (t-refinement), spatial resolution (h-refinement), and order of accuracy (prefinement) are investigated.
The paper is structured as follows. In Section II, we present an overview of Lyapunov analysis. Section III describes the methodology to discretize the Navier-Stokes equations and perform Lyapunov analysis. Numerical results are then discussed in Section IV. Finally, we present some concluding remarks and future work in Section V.
II. LYAPUNOV ANALYSIS
The spatial discretization of the compressible NavierStokes equations yields a finite-dimensional, continuous-time, first-order dynamical system of the form
where 
satisfying the evolution equation [11] 
ψ j h (u h ) and Λ j h are the so-called covariant Lyapunov vectors (CLVs) and Lyapunov exponents (LEs), respectively. We note that the CLVs depend on the state u h , whereas the LEs are a property of the system independent of u h . Also, we shall asume that the Lyapunov exponents Λ 1 h , ..., Λ n h are ordered from largest to smallest.
The intuitive interpretation of Lyapunov vectors and exponents is as follows: "Any infinitesimal perturbation δu h,0 in the direction ψ j h u(t 0 ) at t = t 0 will remain in ψ j h u h (t) at all times t ≥ t 0 . Also, the magnitude of the perturbation increases or decreases at an average rate δu h (t) = δu h,0 exp Λ j h (t − t 0 ) ". Hence, the magnitude and sign of the Lyapunov exponents characterize how infinitesimal perturbations to the system evolve over time. In particular, a system with n + ≥ 1 positive exponents,
The positive exponent(s) are responsible for the "butterfly effect", a colloquial term to refer to the large sensitivity of chaotic systems to initial conditions. This is the case, for example, for turbulent flows as well as for many separated flows.
The numerical simulation of unsteady flows requires further discretizing Eq. (1) in time. This yields a discrete-time firstorder map
where u
h denotes the solution at the end of the time step i. The particular form of f h,∆t depends on f h , that is, on the spatial discretization, as well as on the time-integration scheme and the time-step size ∆t. The discrete-time Lyapunov vectors ψ j h,∆t and exponents Λ j h,∆t of f h,∆t are defined in an analogous way to their continuous counterparts.
III. METHODOLOGY

III.1. Numerical discretization
High-order Hybridizable Discontinuous Galerkin (HDG) and diagonally implicit Runge-Kutta (DIRK) methods are used for the spatial and temporal discretization of the compressible Navier-Stokes equations, respectively [6] . The HDG method, as a discontinuous Galerkin method, allows for a systematic study of the effect of the accuracy order on the Lyapunov spectrum via p-refinement.
III.2. LE algorithm
A non-intrusive version of the algorithm by Benettin et al. [1] is used to compute the p ≤ n leading Lyapunov exponents.
Original algorithm. The original procedure in [1] is summarized in Algorithm 1. If the time integrals in Steps No. 5 and 6 of the algorithm are computed exactly, an estimator of the p leading continuous-time LEsΛ h of f h are obtained. If the time integrals are approximated using a numerical method, as it is the case in practice, the algorithm computes an estimator of the p leading discrete-time Lyapunov exponentŝ Λ h,∆t of f h,∆t .
Data: Initial condition u h,0 , number of exponents to compute p, length of each time segment T s , and number of time segments K. Result: Estimators of the p largest LEsΛ
Compute the reduced QR decomposition
Time integrate the dynamical system (1) from t i−1 to t i using the initial condition u i−1 h = u h (t i−1 ). 6. Time integrate the tangent equation (4) from t i−1 to t i for each of the p initial conditions given by the columns of Q i−1 using the reference trajectory u h computed in Step No. 5,
for j = 1, ..., p, and set v 
Here, T s is small enough such that |g h,∆t u h (t i−1 ) + q
IV. NUMERICAL RESULTS
IV.1. Case description
We consider the two-dimensional, separated flow around the NACA 0012 airfoil at Reynolds number Re ∞ = u ∞ c/ν = 2400, Mach number M ∞ = u ∞ /a ∞ = 0.2, and angle of attack α = 20 deg. Here, u ∞ , a ∞ , ν and c denote the freestream velocity, freestream speed of sound, kinematic viscosity, and airfoil chord, respectively. The computational domain is partitioned using isoparametric triangular elements, and the outer boundary is located 10 chords away from the airfoil. A non-slip, adiabatic wall boundary condition is imposed on the airfoil surface, and a characteristics-based, nonreflecting boundary condition is used on the outer boundary.
IV.2. Effect of time resolution: t-refinement
We analyze the effect of the time-step size on the Lyapunov spectrum of the discrete system f h,∆t . In particular, the continuous-time system f h associated to a fourth-order discretization (i.e. p = 3) with 115,200 degrees of freedom (DOFs) is time-integrated using the time steps ∆t = (0.0400, 0.0200, 0.0100, 0.0050, 0.0025) c/a ∞ . These correspond to maximum CFL numbers of 59.94, 29.97, 14.98, 7.49, and 3.75. We emphasize that the time-step size affects the discrete-time map f h,∆t but does not change f h . Figure 1 shows 90% confidence intervals of the six leading Lyapunov exponents for the time-step sizes considered. The confidence intervals are computed from the sample variance of log |R i jj | in Eq. (5) and the Central Limit Theorem. From this figure, the time-step size in the range considered does not have a significant impact on the leading exponents of f h,∆t . First, this gives us confidence that the time steps considered suffice for the discrete-time Lyapunov exponents to approximate those of the continuous-time system, i.e. Λ j h,∆t ≈ Λ j h . For this reason, we shall refer to f h and Λ h , instead of f h,∆t and Λ h,∆t , in the remainder of the paper. Second, the asymptotic spectrum of the discrete-time map as ∆t → 0 is achieved with CFL numbers O(10 − 100) that are larger than those used in engineering practice. This is attributed to these time-step sizes being sufficiently small to resolve the vortical structures that are responsible for the chaotic dynamics. However, if ∆t h sep /u ∞ , where h sep denotes the element size in the separated region, the discretetime map might not accurately reproduce the continuous-time system, and therefore Λ j h,∆t ≈ Λ j h . This has indeed been observed in [10] for the numerical integration of stiff ODEs with inadequate time steps.
FIG. 1: 90% confidence intervals of the six leading
Lyapunov exponents in the t-refinement study.
IV.3. Effect of spatial resolution: h-refinement
In this section, we examine the effect of the spatial resolution on the number and magnitude of positive exponents. To that end, the Lyapunov spectrum is computed for eleven Omeshes, each of them 2 1/3 times finer per direction than the previous one. The number of DOFs uniformly increases in logarithmic scale from 7,200 (mesh No. 1) to 726,240 (mesh No. 11). Meshes No. 1 and 11 are shown in Fig. 2 . We note that mesh No. 1 is intended to be pathologically coarse to analyze how the system behaves for very under-resolved meshes.
The discretization scheme and time-step size are kept constant to analyze the effect of spatial resolution only. In particular, fourth-order (p = 3) HDG and third-order DIRK methods are used for the spatial and temporal discretization, respectively, and the time-size is set to ∆t = 0.05 c/a ∞ . A run up time of 2, 000 c/a ∞ is used to drive the system to the attractor, and the LE algorithm is then applied for K = 12, 000 time segments each of length T s = c/a ∞ . Figure 3 shows the 14 leading LEs for the discretizations considered, whereas Table I collects threshold h * , corresponding to mesh No. 5. That is, the discrete system becomes more chaotic above this resolution as the mesh is refined. This is attributed to the fact that more vortical structures, which are responsible for the chaotic dynamics of the flow, are resolved as the numerical resolution is increased. • Below the resolution threshold h * , the discrete system poorly reproduces the dynamics of the continuous system, and this results in spurious dynamics. Here, spurious periodicity and chaoticity are observed. (No discretization results in stable dynamics.) Discretization No. 5, for example, has no positive LEs and is periodic. A time refinement study confirmed that the continuous-time system associated to this discretization f h5 -and not only the discrete-time map f h5,∆t -is indeed periodic. Hence, for the h-family of discrete dynamical systems considered here, a periodic orbit bifurcates into strange attractors above and below ∼ h 5 .
We hypothesize this is a numerical artifact and therefore discretization dependent. For example, spurious chaoticity may not be observed in methods with high numerical dissipation, such as first-order schemes. For these methods, stable dynamics with a fixed point could be obtained instead with a very coarse mesh.
• An approximately zero exponent Λ h ≈ 0 is present in all discretizations. Theoretical results show that Λ h = 0 with ψ h = f h (u h ) for periodic and chaotic systems. This is expected to be such a exponent, and the error is attributed to the variance of the estimator and, to a lessen extent, the approximation Λ h,∆t ≈ Λ h .
• The positive Lyapunov exponents are created from bifurcations of the Λ h = 0 exponent at discrete mesh resolutions.
The trace of drag c d and lift c l coefficients over a time interval ∆t = 20, 000 c/a ∞ is shown in Fig. 4 , where the dots are colored by probability density function (PDF) in (c d , c l ) space. Despite the chaotic dynamics of discretization No. 7, we note that the PDF resembles the periodic trace of mesh No. 5. The period for this discretization, T 5 ≈ 75.70 c/a ∞ , is four times the dominant vortex shedding period. The Strouhal number for the h-family of discretizations are collected in Table I .
Next, we investigate if an asymptotic Lyapunov spectrum is achieved with the numerical resolutions that can be afforded in engineering practice. To this end, we consider a fourthorder discretization with 2,880,000 degrees of freedom. This is vastly more than the best-practice meshes for this type of flows. The 90% confidence interval of the leading Lyapunov exponent for this discretization is Λ 1 h c/a ∞ = 0.04732 ± 0.005275. Hence, the system continues to become more chaotic even for this discretization.
While an asymptotic Lyapunov spectrum as h → 0 was obtained for simpler partial differential equations in other studies [14] , this result shows that such an asymptotic spectrum -if exists-is difficult to achieve in practice even for simple flows. This is in contrast to the results for the time discretization in Section IV.2. Figure 5 shows 90% confidence intervals of the six leading Lyapunov exponents for the accuracy orders considered.
FIG. 5: 90% confidence intervals of the six leading
Lyapunov exponents in the p-refinement study.
From this figure, the negative LEs get closer to zero, that is, perturbations along stable directions decay more slowly, as the accuracy order increases. This is attributed to the lower numerical dissipation of high-order methods. Also, the fourth-and fifth-order methods lead to larger positive exponents than the third-order scheme -i.e. perturbations along unstable directions get more rapidly amplified. The 90% condiference intervals for the fourth-and fifth-order discretizations overlap and it is not possible to conclude which scheme results in more chaotic dynamics.
V. CONCLUSIONS
We investigated the impact of the numerical discretization on the Lyapunov spectrum of chaotic, separated flow simulations. Numerical results showed that the time discretization has a small effect on the Lyapunov spectrum for the timestep sizes typically used in CFD practice. In particular, the asymptotic spectrum as ∆t → 0 was achieved for CFL numbers O(10 1 − 10 2 ). The spatial discretization, however, was shown to dramatically change the dynamics of the system. First, the discretized system poorly reproduced the dynamics of the flow, and spurious dynamics were observed, below some spatial resolution threshold. Second, the discrete system continued to become more and more chaotic even with finer meshes than the best practice for this type of flows. This indicates that the asymptotic Lyapunov spectrum as h → 0, if exists, is difficult to achieve in practice even for simple flows.
